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This paper analyzes the use of a version of lexical maximim strategies, calied
protective behavior, in two-sided matching models. It restricts attention to mecha-
nisms which produce stable matchings, that is, matchings which are individually
rational and pairwise optimal. The main results of the paper show that truth-telling
is the unique form of protective behavior in two such mechanisms. The first is
the one which selects the student-optimal stable matching in the college-admissions
model, while the second is the mechanism which selects the buyer-optimal match-
ing in the Shapley-Shubik assignment model. Journal of Economic Literature
Classification Numbers: C78, D81. ®© 1995 Academic Press, Inc.

1. INTRODUCTION

In this paper we test a very general insight about the incentive properties
of collective decision-making mechanisms against the specific yet rich and
relevant class of two-sided matching models. The insight is the following:
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although not in general a dominant strategy, truth-telling may become a
very salient and sensible type of behavior in many revelation games,
provided agents are sufficiently risk averse and poorly informed about
other players. We shall provide a specific formulation of this general idea
through the analysis of what we call protective behavior, a concept we
introduced in Barbera and Dutta (1982) and that we extend here to cover
a richer class of situations. This general insight is then tested against the
performance of mechanisms that are specifically designed to solve two-
sided matching problems. In this introduction we shall elaborate on the
interest and scope of matching models, on the adequacy of our concept
of protective behavior, and on the relevance of our results.

There is by now a vast literature on two-sided matching problems.'
Matching processes have been modeled as cooperative and noncoopera-
tive games. The alternatives faced by society may be finite (as in the
marriage problem or the college-admissions model, where the only rele-
vant decision involves matching agents on one side of the market to agents
on the other side) or infinite (as in the assignment game, where monetary
payments between agents who are matched are also part of the outcome).
The domains of preferences under consideration are also different in each
case, and in our analysis of strategic behavior we retain the assumptions
on preferences that are standard for each model. But the basic questions
addressed through these models are common to all.

The existence of stable matchings, the structure of the set of such
matchings and the design of algorithms to compute them have been major
concerns of the literature. The incentives for agents to act strategically
under matching mechanisms have also been scrutinized, with special atten-
tion paid to those mechanisms that guarantee stable matchings. No mecha-
nism which always produces stable matchings with respect to stated prefer-
ences can make it a dominant strategy for all agents to always reveal their
true preferences. However, some of the best known mechanisms will
always make truth a dominant strategy for one side of the market. These
facts are due to Roth (1982) for the discrete models and to Demange
(1982) and Leonard (1983) for the assignment game. The nonexistence of
dominant strategy mechanisms opens the door to more detailed analysis
of strategic behavior, which will now be dependent on the specific setup
and equilibrium concept to be used. For example, Roth (1984) showed
that in the one-to-one models, the mechanism that always yields the opti-
mal stable matching for one side of the market has the property that every
Nash equilibrium in undominated strategies will yield a matching that is
stable with respect to the true preferences. This result, therefore, guaran-
tees that if we can reasonably expect that only strategy n-tuples that are

! Roth and Sotomayor (1990) provide an excellent survey and presentation.
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Nash equilibria in undominated strategies will be used, then unstable
matchings will not occur.

Although implementation results of this type are powerful, they implic-
itly assume that the preferences of all agents are common knowledge.
This is unlikely to be the case in many situations. As Roth and Vande
Vate (1989) remark, ‘‘one of the difficulties that arises in attempting to
apply theoretical studies of equilibrium to empirical studies is that the
information required for agents to implement some kinds of equilibrium
strategies frequently exceeds the information that agents can reasonably
be thought to have.”’ One alternative is to model the market as a game
of incomplete information, as in Roth (1989). But an attempt to model
actual markets as a game of incomplete information raises conceptual
problems of its own because of the strong assumption that agents share
a common prior probability distribution.?

In this paper we consider a framework which is the polar extreme of
the complete information model. Specifically, we analyze situations where
agents adopt what we call protective behavior, and we argue that such
behavior, which is based on a refinement of the traditional maxmin crite-
rion, would be adequate if agents were extremely risk averse and had no
information at all about the other agents’ preferences. The concept of
protective behavior is based on a binary comparison between strategies.
Strategy s protectively dominates strategy s’ for agent i under a given
social decision rule if: (a) i is guaranteed to stay above a certain utility
level r(s) against a larger set of actions from the rest of society by using
strategy s than by using strategy s’, and (b) s and s’ lead to the same
outcomes for all actions of others under which { would obtain a utility
level below r(s). Protective domination is a transitive but not complete
relation. A protective strategy is one that is not protectively dominated
by any other. The notion of protective behavior when the set of alternatives
is finite was introduced in Barbera and Dutta (1982) and characterized in
Barbera and Jackson (1988). In the present paper we extend it to the

? This induces Roth and Vande Vate (1989) to concentrate on a class of *‘plausible and
informationally parsimonious’’ strategies, called truncated strategies. As the name suggests,
a truncated strategy is simply a truncation of a player's true preference list. Roth and Vande
Vate (1989) study marriage markets in which the matchings are arranged through a random
process. They show that a player will always have a truncated strategy as a best response
to any strategy combination used by other players. Moreover, any stable matching can be
achieved as a Nash equilibrium in undominated strategies via truncated strategies. However,
though truncated strategies are simpler to use, it is not clear to us that truncated strategies
are actually ‘‘informationally parsimonious.’’ All truncations are not best responses. In
order to find out which truncation to use, an agent must know the strategy combination
being used by the other players. Thus, we are back to the complete information framework
after all.
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infinite alternative case. Comparisons with a related concept, Moulin’s
notion of prudent strategy, are found in Section 2.

We prove that there are different matching models under which truthful
revelation of preferences is the unique protective strategy for all agents.
Specifically, this is the case for the mechanism that would always choose
the buyers’ optimal stable matching in the assignment model and for
the one choosing the students’ optimal stable matching in the college
admissions problem (the latter also covers the men’s optimal and women’s
optimal mechanism for the marriage problem). It is interesting to notice,
however, that truth-telling plays a somewhat different role in each of
these models: it protectively dominates all other strategies in the college
admissions and the marriage problem, while in the assignment game it
no longer dominates all others, but still remains the only protectively
undominated strategy. We also show that other natural mechanisms, like
the one that would always choose the college-optimal matching, do not
share the same property.

We want to stress the importance of the fact that under the above-
mentioned mechanisms truth-telling is the unique protective strategy. In-
deed, in these and many other contexts, truth-telling is a maxmin strategy,
but so are many other strategies. Because of that, statements about max-
min behavior become extremely inconclusive. This was noted by Thomson
(1979) and Dasgupta et al. (1979), and it partly justifies the sparse interest
for maxmin type behavior in the recent literature on implementation, in
spite of the earlier attention it got in seminal papers like Dréze and de la
Vallée Poussin (1971). By showing here that truth-telling stands out as
the unique protective strategy, we provide an appropriate statement for
the intuition that truth-telling may be a plausible form of behavior in
situations involving uncertainty.

2. PROTECTIVE BEHAVIOR

In this section, we describe the concept of protective behavior. We
define this concept for an arbitrary game in normal form. In subsequent
sections, we will point out how the concept can be applied to the specific
matching models considered in this paper.

LetI=1{1,2,. . ., n}beasetof individuals, and A a set of outcomes.
The set of outcomes may be finite or infinite. Each individual i € I has a
real-valued utility function #;: A — R. Note that individual utilities may
be given ordinal or cardinal meaning, depending upon the specific context.
Let u = (44, . . ., u,) denote a vector of utility functions.

For each i € I, let S; be individual i's strategy set, and S = II §;. Let



PROTECTIVE BEHAVIOR IN MATCHING MODELS 285

g:S— A be an outcome function, specifying an outcome for each n-tuple
of strategies in S. G = [I, A, §, g, u] constitutes a game in normal form.

In order to introduce the concept of protective behavior in G, we need
some further notation. Choose any real number £ € R, any /{ € [ and
s; € ;. Define the set c(k, s;) as follows:

ctk,s) ={s_, € S_; | ulgls;,s_)) =k}

Thus, c(k, s;) is the set of (n — 1)-tuples of *‘complementary’” strategies
which in conjunction with s; gives individual i a utility level of k.

DeriNITION 1. Foranyi €1, ands;, s; € S;, s; protectively dominates
s;, denoted s; d(u)) s;, if there exists k£ € R such that

(@) clr,sp)Nc@r',s},)=D forallr=kandr<r,
(ii) c(k,s)Cc(k,s;,).

Let D(u) = {s; € S;| As! € S, such that s} d(u;) s;}. D(u)) is the set of
protective strategies of individual i in the game G = [I, A, S, g, ul.

Suppose s; and s; satisfy conditions (i) and (ii) of Definition 1. Condition
(i) guarantees that up to the threshold utility level of k, individual i cannot
lose by employing the strategy s; instead of s;. For suppose s_; is a
complementary strategy profile such that u;(g(s;, s_;)) = r = k. Then,
condition (i) ensures that u;(g(s;, s_;)) = r. Moreover (ii) implies that
there are complementary profiles s_; such that u;(g(s;, s_)) = k and
u;(g(s;, s_;)) > k. Thus, if individuals are extremely risk averse and hence
more concerned with avoiding ‘‘disasters,”” the concept of protective
behavior is an appealing option.

The concept of protective behavior is closely related to Moulin’s (1981)
notion of prudent behavior. We define below prudent strategies in a game
G where the set of strategies for any player is finite.

DerFiNITION 2. For any i € I, a strategy s; prudently dominates s; iff
there exists £ € R such that

() |c(r, s)| =< lc(r,s})|  forallr=<k,
(i) ek, s)l <lek, s7)l.
(We use the notation |c| to denote the cardinality of set c.)

As we have remarked in Barbera and Dutta (1982), the concept of
prudent behavior implicitly assumes that an individual considers all com-
plementary profiles to be equally likely, whereas protective behavior does
not require individuals to have any subjective probability distribution
about other individuals’ strategies. We point out at this stage that in any
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game G where agents have a finite set of strategies, individual i’s set of
protective strategies D(u;) will be a superset of i’s set of prudent strategies.
Since our purpose is to highlight situations in which truthtelling is the
unique protective strategy in various matching models, it follows that
analogous statements are true when protective behavior is replaced by
prudent behavior.

DEerINITION 3. For any i € I, strategies s;, s; € S; are equivalent iff
foralls_; € §_;, g(s;, s_) = g(s{, s_)).

It follows that if s; € D(x;), then so must any strategy s; which is
equivalent to s;. The reader should keep in mind that our subsequent
results which show that truth-telling is the unique protective strategy are
modulo equivalence.

3. PROTECTIVE BEHAVIOR IN THE MARRIAGE AND COLLEGE
ADMISSIONS MODEL

In this section, we will analyze protective behavior in some simple two-
sided matching models without money.

Since utility is ordinal in these models, we will use individual preference
orderings instead of utility functions in this section.

We will first describe the simplest two-sided matching model in the
literature—the marriage market of Gale and Shapley (1962). There are
two finite, disjoint sets M and W; M = {m,, . . ., m,} is the set of men,
and W ={w, w,,. . ., wisthe set of women. Each man has preferences
over women. Similarly, each woman has preferences over men. These
preferences may be such that man m would prefer to remain single rather
than be married to a woman w, say, whom he particularly dislikes. A
woman w is acceptable to man m if he prefers her to remaining single.
Similarly, man m is acceptable to w if she prefers him to remaining single.
We will assume that everyone’s preference is strict. The preference of
each man m will be represented by an ordered list of preferences, P(m),
on the set W U {m}. That is m’s preference may be of the form:

P(m)=W1,W3,...,Wk

indicating that his first choice is to be married to w,, his second choice
is to be married to w; and he would much rather remain single than be
married to anyone else. Similarly, each woman w has an ordered list of
preferences P(w), on the set M U {w}.

Let P = {P(m}), . . ., P(m,), P(w), . . ., P(w)} denote the set of
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preferences, one for each man and woman. We will often use the notation
P_, (or P_,) to represent the preferences of agents other than w (or m).

An outcome in this market is a set of marriages. Of course, some
individuals may not find a partner.

DerFINITION 4. A matching u is a one-to-one correspondence from the
set M U W onto itself such that foreachm E Mandw € W, u(m) = w
iff ww) = m and if u(m) &€ W, then u(m) = m, and similarly if w(w) &
M, then u(w) = w.

A matching u is individually rational if each agent is acceptable to his
or her pair. For a given matching u, a pair (m, w) forms a blocking pair
if w(m) # w and if they both prefer each other to their mates at u. A
matching is stable if it is individually rational and there are no blocking
pairs.3

Gale and Shapley (1962) proved that for any set of preferences P, the
set of stable matchings is nonempty. Moreover, when all agents have
strict preferences, there always exists a stable matching that all men (resp.
women) will unanimously prefer to any other stable matching. This is
called the men’s optimal (resp. women’s optimal) stable matching. Gale
and Shapley also constructed an explicit algorithm to locate the optimal
stable matching for either side of the market.

We now describe a simple model of many-to-one matchings—the ‘‘col-
lege admissions’’ model. This model is meant to represent situations where
one side of the market consists of institutions and the other side of individu-
als. The institutions (colleges, firms) may be matched to several individuals
(students, workers), but each individual is matched to only one institution.
More formally, first define for any set X, an unordered family of elements
of X to be a collection of elements, not necessarily distinct, in which the
order is immaterial. Hence, a given element may appear more than once
in an unordered family. Let C be the set of institutions (colleges), and §
the set of individuals (students). As in the marriage model, each college
¢ has preferences P(c) over the set S U {c}, while each student s has
preferences P(s) over the set C U {s}.

DEFINITION 5. A matching u is a function from the set C U § into
the set of unordered families of elements of C U S such that:

1. |u(s)] = 1 for every student s and u(s) = s if u(s) & C.

2. |ulc)| = q. for every college ¢, and if the number of students in
u(c), say r, is less than q,, then u(c) contains g. — r copies of c.

3. us) = cifs € ulo).

Condition 1 says that a student can be matched to at most one college.

3 In this model, the set of stable matchings coincides with the core of the game.
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Condition 2 states that each college has a quota g, so that it can enroll
at most ¢, students although it can also keep some positions unfilled.
Condition 3 requires that if a student is matched to a college, then this
college is matched to the student.

To complete the description of the model, we have to describe the
preferences of agents over different outcomes. In the marriage market,
preferences could be described very easily because agents’ preferences
over alternative matchings coincided with their preferences over their
own assignments at the two matchings. In this model, we can still say the
same thing about the students since at each matching, a student is either
unmatched or matched to a single college. But colleges having a quota
greater than 1 must be able to compare groups of students on the basis
of their preference over single students.* Following Roth (1985), we will
assume that colleges are endowed with preferences P(c) over groups of
students satisfying the following condition of responsiveness.

DEerFINITION 6. The preference relation P(c) over sets of students is
responsive to the preferences P(c) over individual students if, whenever

p'(c) = (ulc) U {8Mo})  for o € ulc) and & & wu(c),

then wu(c)P(c)p'(c) <> oP(c)s.

Thus, when u(c) and p'(c) only differ because one is obtained from the
other by exchanging a student o for another student &, the college should
rank these two sets according to their ranking of the two students that
make the difference.

Note that the assumption of responsiveness is a rather weak requirement
because restrictions are imposed on how colleges compare some groups
of students only. For instance, if one group consists of the first and fourth
most preferred students, and the other group contains only the second
and third most preferred students, then the condition does not apply.

In addition to responsiveness, we assume that for each college c, P(¢)
is complete and transitive.

A matching is individually rational if no student is matched to an unac-
ceptable college, and no college is matched to any unacceptable student.
A college ¢ and student s form a blocking pair to w if they are not matched
to one another at w, but would prefer to be matched to one another
than to (one of) their present assignments. A matching is stable if it is
individually rational and it is not blocked by any student—college pair.
Clearly, the notions of individual rationality, blocking pairs and stable

4 There is a sizable literature on the general problem of extending preferences over sets
to the power set. See, for instance, Barbera and Pattanaik (1984) and Kannai and Peleg
(1984).
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matchings in the college admissions model are straightforward generaliza-
tions of the corresponding concepts in the marriage market.

We now briefly comment on how the definition of protective behavior
given in Section 2 can be applied in the marriage market and college
admissions models. Note first that the definition can be applied almost
straight-away in the case of the marriage model. Here, the strategy set of
any agent m(say) is simply the set of possible preference orderings over
W U {m}, while the outcome set is the set of possible matchings for m.
Suppose m’s preference ordering is:

P*(m) = wi, wy, . . ., Wy, m.

Then, in comparing two alternative strategies P(m) and P'(m) under
say the M-optimal stable matching u,,, m first compares the set of comple-
mentary profiles which together with P(m) leaves him unmatched to the
set of complementary profiles which leaves him unmatched when he uses
P'(m). If these two sets are identical, then the next round of comparisons
is in terms of the sets of complementary profiles which result in w,, and
SO on.

In the college admissions model, the above interpretation remains valid
for the students. However, the situation is more complicated on the coliege
side of the market. The set of strategies for colleges will still be preference
orderings over the set of students. But, for any college ¢ with quota g,
greater than 1, the set of outcomes will be sets of students with cardinality
not exceeding g,.. Hence, a college will use P(c) to evaluate alternative
strategies.

We will now show that in the college admissions model, the mechanism
which always chooses the student optimal matching has the property that
truthful revelation of preferences is the unique protective strategy for all
agents. Since the marriage model is a special case of the college admissions
model, our result obviously goes through for the marriage market. Also,
note that in the marriage market, both men and women have a symmetric
role. Hence, truthful revelation of preferences will be the unique protective
strategy in both the M-optimal as well as the W-optimal stable matchings.

The following notation will be useful in the sequel. Given any subset
Y C A and a preference ordering P over A, we say that Y is bottom for P
if, Vy € Y, Vx € A\Y, xPy. Two preference orderings P and P’ agree on
YifVx,y € Y, xPy iff xP'y.

For any college ¢ or student s, we will denote complementary profiles
by P_,or P_,.

Given any preference ordering P, and any integer r, the rth worst alterna-
tive in A is a,(P) = {x € A | 3 exactly (r — 1) alternatives y € A : xPy}.

We now state the main result in this section.
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THEOREM 1. Under the mechanism which always yields the student
optimal matching g, truthtelling is the unique protective strategy for all
agents.

The proof of the theorem is preceded by a few lemmas. In this lemmas,
choose a specific college ¢, a preference ordering P(c) and some P(c)
which is responsive to P(c). Let S* denote the set of unacceptable students
for college ¢ according to P(c). The lemmas below specify properties of
the set of protective strategies under the mechanism which chooses the
matching ug.

LeMMA 1. If P(c) and P'(c) agree on S\S* and S" is bottom for P'(c),
then P(c) and P'(c) are equivalent strategies.

In words: the order of unacceptable students in the colleges’ preferences
does not matter.

Proof. Since ug is individually rational, P(c) and P’(c) both guarantee
that c is not matched to any unacceptable student. Since the only difference
between P(c) and P'(c) is in the ranking of unacceptable students, the
result follows.

LEMMA 2. Let S' be the q.-top ranked alternatives according to P(c).
If P'(c) and P(c) agree on (S U {c}\S', and (S U {c}\S' is bottom for
P'(¢), then P'(c) and P(c) are equivalent strategies.

In words: the order of students which are all top and within a colleges’s
quota does not matter.

Proof. If P'(c) satisfies the hypothesis of the lemma, then the only
difference between P'(c) and P(c) is in the ranking of the alternatives in
S’. It is easy to check that the two orderings must give the same outcome
for all complementary profiles.

LEMMA 3. If for some s € S, sP'(c)c, then P(c)d(P(c))P'(c).

In words: all strategies which treat an unacceptable student as accept-
able are protectively dominated by the truth.

Proof. Suppose ¢ expresses the preference ordering P(c). Since g is
individually rational, ¢ cannot then be matched to any unacceptable stu-
dent. Now consider the following P*

1. Vs' # s, ¢ is unacceptable to s’.
2. c is the only acceptable college for s.

Clearly ns(P'(c), P_C, ={s,c,. . .,c}le., cis matched to s, with
-1 posmons remaining unfilled. On the other hand p,s(P (c), PX., ¢c)
= {c, . . ., chi.e., c does not fill up any position. Since s is unacceptable
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to ¢, we must have P(c)d(P(c))P'(c). This completes the proof of the
lemma.

LEMMA 4. If for some s € S\S*, cP'(¢)s, then P(c)d(P(c))P'(c).

In words: all strategies which treat an acceptable student as unaccept-
able are protectively dominated by truth.

Proof. The proof is similar to that of Lemma 3, and is therefore
omitted.

We need some additional notation before we can state the next lemma.
Fix a complementary profile P__ for college ¢. Suppose ug(P(c), P_,, ¢)
={sjs. - -, s;} = §, where s, is the worst option for ¢ according to P(c)
in the set §. (We do not rule out the possibility that s, = c; i.e., ¢ may
not fill up all positions at ug(P(c), P_.).) Let §' = {s € § | 5, P(c)s}. S' is
obviously a bottom set for P(c). Let P'(c) be any preference ordering such
that S’ is a bottom set for P'(c).

Let P = (P(c),.P_,), P' = (P'(c), P_)).

LEMMA 5. Suppose ug(P) is individually rational for P'. Then,

us(B) # ps(P) > us(P, OP(Ous(P’, c).

Proof. First, we show that ug(P) is a stable matching with respect to
the preference profile P'. For, suppose that ug(P) is not stable with respect
to P'. Then the blocking pair must contain ¢. Suppose (c, s) is a blocking
pair. Then sP'(c)s,. But {s' € S | s.P(c)s'} is bottom for P'(c). So
sP'(c)s, — sP(c)s,. But, then (c, s) will also constitute a blocking pair to
1s(P). So ug(P) is a stable matching under profile P'.

Suppose us(P) # usg(P'). Since ug is the student-optimal stable match-
ing, Vs € S, either ug(P’, s)P(s)us(P, s) or ug(P’, s) = us(P, s). Consider
the set of students §' = {s € § | us(P’, 5) = ¢ # ugz(P, s)}. This set must
be nonempty, and Vs € S', cP(s)us(P, s). If for any s € S', sP(c)s, then
(c, s) would block ug(P). So Vs € §', 5,P(c)s. So for any P(c) which is
responsive to P(c) we have u (P, c)P()us(P’', ¢). This completes the
proof of the lemma.

We can now proceed to prove the theorem.

Proof of Theorem 1. Suppose P'(c) is some preference ordering for
college ¢. From Lemmas 3 and 4, it is clear that if the set of unacceptable
students according to P'(c¢) is not S¥, then P(c)d(P(c))P'(c). Also, from
Lemma 1, the order in which the unacceptable students are ranked does
not matter so long as S* is a bottom set. So, we can assume w.l.0.g. that
St=@.
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Since truth-telling is a dominant strategy for all students under ug, it
suffices to show that truthtelling is the unique protective strategy for all
colleges.

Let P'(c) be some preference ordering which is not equivalent to P(c)
and such that

1. For some integer r, a,(P(c)) = a (P'(c))Vk < r.
2. a,(P(c)) # a,(P'(c)).

We want to show that P(c) d(P(c))P'(c). Take any complementary profile
P_.. Suppose ug(P(c), P_., ¢) N {a\(P(c)), . . ., a,(P(c))} # . Since
{a\(P(c)), . . ., a,_(P(c))} is also a bottom set for P'(c), us(P(c), P_.)
must be individually rational for P'(c). From Lempa 5, either ug(P(c),
P_., ¢) = us(P'(c), P_,, c) or us(P(c), P_., c)P(c)us(P'(c), P_,, ©).
Hence, in order to show that P(c)d(P(c))P’(c), it is sufficient to show that
there is some P__ such that ug(P(c), P_., ¢) = us(P'(c), P_., c)Ma,(P(c))}
U {a,(P(c))} for some j > r.

Note that since P(c) and P’(c) are not equivalent strategies, |S| —
(r = 1) >gq.. Let a,(P'(c)) = s;and a,(P(c)) = s,, and §* be some set of
(g, — 1) students such that Vs € S* sP(c)s,. Consider a complementary
profile P_, such that

1. Vs € §* U {s;, 5.}, cP(s)sP(s)c'Vc' € C\{c}.
2. Vs & (§* U {s;, 5,}), c is not acceptable to s.

The reader can check that ug(P(c), P_, ¢) = {5} U §* while us(P'(c),
P_.,c)={s} U S*. Since s;P(c)S,, this shows that P(c)d(P(c))P'(c). This
completes the proof of Theorem 1.

Notice that in the marriage model, both sets of agents can be identified
with the students in the college admissions model. As a result we can
state:

THEOREM 2. In the marriage market, truthtelling is the unique protec-
tive strategy in the M-optimal and W-optimal stable matchings.

We show below that a corresponding result is not true for the college-
optimal stable matching. We remark in passing that the example below
demonstrates that Lemma 5 does not hold for the college-optimal
matching.

ExaMpLE 1.5 Let § = {s, 5;, 53, 84}, C = {c|, ¢3, ¢35, ¢} With quotas
g, = 2,9, =1, g, = 1. Let college c, have the preference ordering

5 This example is adapted from Roth (1985).
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P(c)) = sy, 83, $3, 8-

Consider the complementary profile P

-y

e P(s)) = ¢y, ¢y, Cy.
e P(sy) = ¢y, ¢y, C3.
e P(s3) = ¢y, ¢3, €3
e P(sy) = ¢, ¢y, C5.
o P(c)) = 5y, 89, 83, 54.
e P(c;) = 53, 8, 85, 54.

Then, u(P(c), P_., c|) = {53, s;}. Let P'(c)) = 55, 54, 51, 53.

Clearly, u (P'(c)), P_,, ,c,) {s,, s,y and {s,, 5.} P(c,){s3, s4). Moreover,
if ¢, € pu(P'(c)), P_c , c,) (that is if college ¢, does not fill its quota g,.)
for some P—c,, then 1t can be checked that ¢, € u.(P(c,), P ). Thls
implies that P(c,) does not protectively dominate P'(c).

~cp?

4. PROTECTIVE BEHAVIOR IN THE ASSIGNMENT GAME

In this section, we will analyze protective behavior in a matching model
with money. More specifically, we consider the assignment game arising
between a set P of m potential buyers of objects owned by the set Q of
n potential sellers. Each seller owns and each buyer demands exactly one
indivisible object. Seller j has a reservation price of r; for the object owned
by him, while buyer i’s valuation of seller j’s object is «;. If buyer i buys
from seller j at price p;, then i’s utility is u; = a; — p;, while j’s utility
is v; = p; — r;. Of course, mutually beneficial trade is possible only if
oz,-j > rj.

Let « be the (mxn) matrix of o;’s and r be the n-vector of sellers’
reservation prices. A feasible assignment for (P, Q, «, r) is a matrix x =
(x;) satisfying (a) Z;cp x5 = 1, (b) g x; = 1, (¢) Vi, j x; € {0, 1}.

The obvious interpretation is that if x; = 1, then buyer i is **matched”
to seller j. Condition (b) imposes the restriction that i is matched to at
most one seller, while condition (a) states that each seller can sell to at
most one buyer.

This is a model of one-to-one matching between agents in P and Q. An
outcome in this game is a triple (i, v; x) where « € O™, v € 0" and x
is an assignment. Note that in contrast to the ordinal matching models
considered in Section 3, an individual agent’s utility level is no longer
restricted to discrete values.

A triple (u, v; x) is feasible if x is a feasible assignment such that
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2u+2v—2(au— X

DEFINITION 7. A feasible outcome (u, v; x) is stable if ¥Vi € P,
Vj € Q.

@) 4;=0,v;=0
(ii) u + v, = max(0, a; — ).

Shapley and Shubik (1972) proved that there is a P-optimal stable payoff
(u, v) with the property that for any stable payoff (v, v), # Z uand vy =
v. Similarly, there is a Q-optimal stable payoff (1, U) with symmetrical
properties. Moreover, Demange (1982) and Leonard (1983) proved that
in the ‘‘direct revelation’’ game in which buyer i announces a vector «;,
and seller j announces r;, truth-telling is the dominant strategy for buyers
if the outcome function always selects the P-optimal payoff. Of course,
revelation of the true reservation price is not in general the dominant
strategy for sellers in this game.

Let u, denote the outcome function which selects the P-optimal stable
payoff. We show below that revelation of the true reservation price is the
unique protective strategy for sellers under w,.

Let p;(«, r) denote the price obtained by seller j under u, when (e, r)
are the announced vectors of buyers’ valuations and sellers’ reservation
prices. By convention, we set p;(a, r) = r¥ if seller j does not sell his
object at (a, r), where r} is seller j’s true reservation price.

THEOREM 3. Under u,, truthtelling is the unique protective strategy
for all agents in P U Q.

Proof. Clearly, we only need to prove that truthtelling is the unique
protective strategy for all sellers.
Choose any seller j, and let his true reservation price be r.

Step 1. Suppose j announces a reservation price of r < r¥. Then,

r}¥ dominates r;.
To see this, choose any («, r_)) Note that if p;(a, r_;, r}) = r¥ then pila,
rj, rf) = pila, r_;, r). Morcover if pja, r_j, r)) € (rj, r¥), then seller j
is unmatched by u, if he announces r¥.
Hence, r}* dominates r;

Step 2. Suppose j announces a reservation price of r; > r¥*. Let r; =
r¥ + e. Then, let r; =r} + (&/2). We show that r] protectively domi-
nates r;.

Consider any (e, r_) such that p;(a, r_;, rj) = rf. Clearly, if j is
unmatched at (a, r_;, rj), then j is also unmatched at (@, r_;, r;) since
> r;. Hence, p;(a, r_;, r) = rf. Now consider (e, r_; such that:
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W) ajj=rf, o <r.foral k#j
(i) o <rjforalli#l
(iii) oy = riforall i # [, for all k£ # j.

Clearly, p;(a, r_;, rj) = rj while p;(a, r_;, rj) = r¥. Noting that for all
(e, r_p, pilee, r_j, rj) = rf and p;(a, r_;, r;) = r¥, the above arguments
show that r; protectively dominates r;.

Step 3. r} is protectively undominated.

In view of Step 1, we only need to show that if r, > r¥, then r; does
not protectively dominate r*.

We leave it to the reader to construct (a, r_j) such that

(l) pj(a7 r—j’ rj*) E (r}k rj) and (li) pj(aa r—ja ’j,) = r;k'

Clearly, the existence of such a vector (a, r_;) demonstrates that rkis
protectively undominated.
This concludes the Proof of Theorem 3.

Remark 1. Theorems 1 and 3 both show that truthtelling is the unique
protective strategy in the respective matching models. Moreover, under
the student optimal matching in the college admissions model, truth-telling
protectively dominates all other (nonequivalent) strategies. However,
truthtelling does not protectively dominate all other strategies for sellers
under p,.

Remark 2. Theorem 3 raises the question whether truthtelling is the
unique protective strategy in the mechanism which selects the Q-optimal
stable payoff. Truth-telling is the dominant strategy for all sellers in this
mechanism. Unfortunately, buyers do not have any protective strategy
at all. To see this, consider the special case where there is only one
seller. Then, in the seller-optimal matching the object is sold at the price
announced by the highest bidder (or not sold at all if all bids are below
the seller’s reservation price). Hence, truthtelling can never yield any
buyer a positive utility. So, truthtelling is dominated by any strategy which
announces a lower bid. But, if «; is the true valuation of bidder i, then a
bid of @ = (o — &), is protectively dominated by the bid (¢; — €/2).
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